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Abstract. We study the dynamics of entanglement between two spins which is
created by the coupling to a common thermal reservoir. The reservoir is a spin- 1
2
Ising transverse field chain thermally excited, the two defect spins couple to two
spins of the chain which can be at a macroscopic distance. In the weak-coupling
and low-temperature limit the spin chain is mapped onto a bath of linearly
interacting oscillators using the Holstein-Primakoff transformation. We analyse
the time evolution of the density matrix of the two defect spins for transient times
and deduce the entanglement which is generated by the common reservoir. We
discuss several scenarios for different initial states of the two spins and for varying
distances.
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1. Introduction
Motivated by the fast advancements on the control of single quantum systems,
the development of technologies for quantum communication [1, 2, 3], quantum
computation [4, 5] and quantum metrology [6] has bloomed in the past years. The
key resource allowing quantum protocols to outperform classical ones is entanglement,
which describes non-local correlations between different (distant [7]) physical objects
and has no classical counterpart [8, 9]. Nevertheless, due to its quantum nature,
entanglement is very fragile against decoherence processes arising from interaction of
the systems to their surrounding environment [10, 11]. Understanding the dynamics of
entanglement in open systems is therefore of central importance. General results have
been obtained in Refs. [12, 13, 14, 15, 16, 17, 18]. Moreover, many methods have been
developed to protect entanglement against noise. The established strategies include
error correction protocols [19], quantum Zeno effect [20, 21] and weak measurements
and measurement reversal [22].
A very different ansatz is based on quantum reservoir engineering (QRE). Here, by
means of tailored interactions, the stochastic dynamics emerging from the interaction
with an environment can drive a system into non-classical states [23, 24, 25, 26, 27, 28].
This ideas have been successfuly applied, for instance, to create entangled atomic
ensenbles [27], perform quantum simulations with trapped ions [29] and are the
basis for protocols for quantum networks [30, 31] and quantum metrology [32].
Environment-induced entanglement creation is closely related to the symmetries of the
system under consideration. This feature has been extensively studied for example in
spin chains [33, 34, 35] since this class of models offers in many cases the possibility of
an analytic treatment. In particular, it has been shown that long-distance (or quasi
long-distance) entanglement can be created between the boundary spins of a dimerized
Heisenberg chain, thanks to the special form of its ground state [33, 35]. These
examples rely on ground-state properties of finite chains. For increasing chain sizes,
ground-state cooling represents a major technological challenge as the gap between
ground and first excited states decreases exponentially fast with the chain size [35].
Mixing of ground and excited states in turn destroys entanglement.
In contrast to protocols relying on ground-state properties, thermal environments
at cold, but finite temperatures present a more robust channel to mediate interaction
at a distance. One important ingredient is that also at finite temperature symmetries
of the dynamics can be tailored to create decoherence-free subspaces (DFS) [36].
Recently it has been shown that local coupling of two mass impurities to a thermal
chain of oscillators represents one instance where such subspaces foster the creation
and protection of entanglement [37, 38]. These ideas are at the basis of protocols for
generating long-distance, steady-state entanglement in ion chains [39, 40].
In this work, we apply these concepts to spin chains. Our starting point is the
model of Ref. [41], where entanglement between two spins coupled to the same locus
of a harmonic chain has been characterized. We extend the model by assuming that
the two “defect” spin 1/2 particles interact each with distant elements of a long Ising
chain. We show that in the high magnetic field and low temperature regime the
interactions with the spin defects do not appreciably perturb the chain’s state and yet
can generate entanglement between the two defect spins.
The paper is organized as follows. In sec. 2 we present the model and discuss
the approximations used. We then summarize the salient properties of the chain and
of the interaction dynamics, which are relevant to the generation of entanglement
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between the defect spins. The time evolution of the two defect spins is determined in
Sec. 3 and the entanglement properties are discussed as a function of time and of the
distance between the spins they couple to. The conclusions are drawn in Sec. 4, while
the appendices provide details of the calculations in Sec. 3.
2. The model
We consider a transverse field Ising chain made of 2N spins 1/2 with periodic boundary
conditions. The Hamiltonian in terms of the Pauli σ-matrices is given by
Hb = −J
∑
<ij>
′
σxi σ
x
j −
∑
i
′
σzi , (1)
where the ferromagnetic (J > 0) interaction runs over the nearest-neighbors < ij >
only and where the label i = 0 has been excluded from the sums
∑′
for further
convenience. At zero temperature this bath presents a quantum phase transition for
J = 1. Two external “defect” spins, labeled A and B, experience a level splitting
along z described by the Zeeman Hamiltonian:
Hd = −h(σzA + σzB) (2)
where h is proportional to the ratio between the magnetic moments of the defect spins
and the ones of the spins in the chain. The defect spins are locally coupled to two
distinct sites of the Ising chain through the interaction Hamiltonian
Hi = −γ(σxAσx−l + σxBσxl ) , (3)
where 2l is the distance between the sites and γ is a coupling constant ‡. The unitary
dynamics is generated by the (dimensionless) Hamiltonian H = Hb + Hi + Hd. The
energy is here given in units of the magnetic field along z which the Ising chain
experiences.
We assume that the chain is prepared in a thermal state, ρb = exp[−Hb/T ]/Z,
with temperature T (Boltzmann constant kB = 1) and where Z = Tr[exp(−Hb/T )]
is the chain partition function. In the following, the two defect spins are initially
prepared in a separable state, described by the density matrix ρA(0)⊗ρB(0), with ρA
and ρB the density matrix of the defect spin A and B, respectively. We remark that
the defect spins do not directly couple. Instead, they couple to different sites of the
Ising chain, which in turn undergo a collective dynamics. Correlations between the
defect spins can thus solely emerge from the collective dynamics of the Ising chain.
2.1. Bosonization
As illustrated in Refs.[33, 42, 35, 43], bath-mediated entanglement between the
boundary spins of a finite spin chain is found in the ground-state of highly symmetric
Hamiltonians where the reservoir presents long-range correlations. A major limitation
faced in these systems is the vanishing energy gap between the ground state and
the excited ones [35] as the chain size is increased. End-to-end entanglement is
therefore very sensitive to decay of long-range correlations due to thermal fluctuations.
In the case we consider here, decreasing the correlation length in the chain will
decrease the correlations between spins A and B. This will naturally lead to a drastic
‡ As the environment has periodic boundary conditions, the choice of coupling positions only restricts
the insofar the number of particles between the coupling spins must be even.
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attenuation of the entanglement between the defects. With this in mind, we consider
the paramagnetic regime, J  1, where in the reservoir’s ground-state the spins are
aligned with the transverse field. We perform then a bosonization of the bath spins by
means of the Holstein-Primakoff transformation [44], mapping spin modes into bosonic
modes as
σ−n =
√
1− a†nan an, (4)
σ+n = a
†
n
√
1− a†nan, (5)
σzn =
1
2
− a†nan, (6)
where σ+n and σ
−
n are the raising and lowering spin operators and a
†
n and an are
the creation and annihilation operators of the bosonic mode n, satisfying the usual
canonical bosonic commutation relations [an, a
†
m] = δn,m. Note that the expectation
value of the bosonic number operator, 〈a†nan〉, describes the deviation of the n-th spin
magnetization from it’s maximal value. In the weak inter-particle coupling and low
temperature regime each reservoir spin is strongly polarized in the z-direction and
Eqs.4-6 can be expanded keeping only the zero-th order terms in the number operator
leading to
σ−n ≈ an, (7)
σ+n ≈ a†n. (8)
For each bosonic mode n we introduce the associated position and momentum
operators, respectively xn and pn, defined by
an =
1√
2
(xn + ipn), (9)
a†n =
1√
2
(xn − ipn) , (10)
leading to the canonical commutation rule [xn, pm] = iδm,n (we take ~ = 1). In terms
of these new operators the total Hamiltonian H takes the form
H = −2J
′∑
n
xnxn+1 +
1
2
′∑
n
(x2n + p
2
n)
−
√
2γ(x−lσxA + xlσ
x
B)− h(σzA + σzB), (11)
where we have dropped an irrelevant constant term. Consequently the initial Ising
chain has been mapped into a set of linearly coupled harmonic oscillators, with a
minimal coupling to the spin defects via the local position operators x−l and xl.
2.2. Characterization of the bath
In order to determine the defects entanglement dynamics we first diagonalize the bath
Hamiltonian Hb. To shorten the notations we introduce position and momentum
vectors, x† = (x−N , · · · , x−1, x1, · · · , xN ) and p† = (p−N , · · · , p−1, p1, · · · , pN ), such
that
Hb = −2J
∑
n
xnxn+1 +
1
2
∑
n
(x2n + p
2
n)
=
1
2
p†p+
1
2
x†Vbx , (12)
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with the potential matrix Vb ∈ R2N×2N defined as
Vb = 2

1
2
−J 0 · · · · · · 0 −J
−J . . . . . . 0
0
. . .
. . .
. . .
...
...
. . .
. . .
. . .
...
...
. . .
. . .
. . . 0
0
. . .
. . . −J
−J 0 · · · · · · 0 −J 1
2

. (13)
The bath Hamiltonian 12 (and more important, the coupling Hi) is invariant under
the exchange of the −n and n bosons. It is thus advantageous to describe it in terms
of symmetric (center-of-mass) and antisymmetric (relative) coordinates, defined as
xS,An =
xn ± x−n√
2
, pS,An =
pn ± p−n√
2
(14)
where the superscripts S and A refers to center-of-mass and relative coordinates,
respectively. In vectorial form, these relations read ξ = Rx and pi = Rp with ξ† =
(xS
†
,xA
†
) = (xS1 , . . . , x
S
N , x
A
1 , . . . , x
A
N ), pi
† = (pS†,pA†) = (pS1 , . . . , p
S
N , p
A
1 , . . . , p
A
N ) ∈
R2N , and the orthogonal transformation matrix R ∈ R2N×2N
R =
1√
2
(
1¯ 1
−1¯ 1
)
,with 1¯ =
 1. . .
1
 ∈ RN×N . (15)
The transformed potential matrix, Λb = RVbR
†, assumes the block diagonal form
Λb =
(
V Sb 0
0 V Ab
)
(16)
with V Sb , V
A
b ∈ RN×N the potential matrices for the center-of-mass (COM) and
relative modes respectively. With this transformation it becomes evident that the
dynamics occurs in two independent subspaces, Hb = H
S
b + H
A
b , with H
S,A
b =
1
2 (p
S,A)2 + 12x
S,A†V S,Ab x
S,A.
Introducing the normal coordinates x˜S,A = (OS,A)†xS,A and p˜S,A = (OS,A)†pS,A
where OS,A diagonalises the potential matrix V S,Ab , D
S,A = (OS,A)†V S,Ab O
S,A, the
COM and relative Hamiltonians are given by a set of independent oscillators:
H˜S,Ab =
1
2
(p˜S,A)2 +
1
2
(x˜S,A)†DS,Ax˜S,A
=
N∑
n=1
(
1
2
(p˜S,An )
2 +
1
2
(ω˜S,An )
2 (x˜S,An )
2
)
(17)
with eigenfrequencies
(ω˜Sn )
2 = 1− 4J cos
(npi
N
)
, n = 0, · · · , N − 1 (18)
(ω˜An )
2 = 1− 4J cos
(npi
N
)
, n = 1, · · · , N . (19)
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2.3. Hamiltonian in normal coordinates
We now write the full Hamiltonian in the normal coordinates of the bath . In this
way we can obtain the time-evolved density matrix of the spin defects. We shall first
express the defect spins operator using a non-local, symmetric and antisymmetric basis
states: |φS,A〉 = (|+,+〉±|−,−〉)/√2 and |ψS,A〉 = (|+,−〉±|−,+〉)/√2 which are the
(maximally) entangled Bell states and |±,±〉 the eigenstates of the σz operators with
eigenvalue ±1. Defining the 2-dimensional operators SSx = (|ψS〉〈φS |+ |φS〉〈ψS |) and
SAx = (|ψA〉〈φA|+ |φA〉〈ψA|) which act as flip operators respectively on the symmetric
and antisymmetric sectors of the defects Hilbert space, the interaction Hamiltonian is
rewritten as
Hi = −2
√
2γ
(
SSx x
S
l + S
A
x x
A
l
)
. (20)
Again, as with the reservoir’s free Hamiltonian, the coupling term also presents a clear
separation between symmetric and antisymmetric parts. Introducing the coupling
vector γT =
(
0, · · · , 2√2γ, · · · , 0), the interaction Hamiltonian is rewritten
Hi = −(SSx γTxS + SAx γTxA) . (21)
In terms of the reservoirs’ normal coordinates, the interaction Hamiltonian is given by
H˜i = H˜
S
i + H˜
A
i where H˜
S,A
i = −SS,Ax (γ˜S,A)T x˜S,A and the coupling constants given
by γ˜S,A = (OS,A)Tγ. This is the starting point of Ref. [41], where entanglement
generation was investigated in the case of two defects coupled at the same point of
the spin chain.
Finally, the Zeeman Hamiltonian of the defect spins is given in the new basis by
H˜d = − 2h
(|φA〉〈φS |+ |φS〉〈φA|)
= − 2hSz, (22)
with Sz ≡ |φS〉〈φA| + |φA〉〈φS |. Note that in the composed singlet/triplet basis
|j,mj〉 the defect Hamiltonian reads H˜d = −2h(|1, 1〉〈1, 1| − |1,−1〉〈1,−1|). The full
Hamiltonian reads H˜ = H˜S + H˜A + H˜d with
H˜S =
1
2
(p˜S)2 +
1
2
(x˜S)†DSx˜S − SSx (γ˜S)T x˜S , (23)
H˜A =
1
2
(p˜A)2 +
1
2
(x˜A)†DAx˜A − SAx (γ˜A)T x˜A. (24)
While H˜S and H˜A describe independent dynamics for the symmetric and
antisymmetric coordinates, and the Zeeman part (22) breaks this independance since
[H˜d, H˜
S,A] 6= 0.
3. Dynamical generation of entanglement via the chain
3.1. Time evolution of the defects
The non-commuting character of H˜d with H˜
S,A renders the determination of the time
evolution of the defects non trivial. Nevertheless, for time scales much shorter than
the typical time set by the inverse defects energy gap 1/h, the contribution of the
Hamiltonian H˜d can be ignored at the lowest order in h and a formal decoupled
solution U˜(t) = U˜S(t)U˜A(t), with U˜S,A(t) = e−itH˜
S,A
, is easily obtained. The
time evolved reduced density matrix of the defects, ρd(t), is then simply given by
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ρd(t) = Trb
[
U˜(t)ρtot(0)U˜
†(t)
]
where Trb is the partial trace over chain’s degrees of
freedom and we assume that initially the system has been prepared in an uncorrelated
product state
ρtot(0) = ρd(0)⊗ ρb(0) , (25)
with a thermal environment ρb(0) = exp (−βH˜b)/Z and separable density matrix
for the defect spins ρd(0) = ρA(0) ⊗ ρB(0). Within the above approximation, the
matrix elements of the reduced density matrix ρd(t) in the eigenbasis {|sS,Ai 〉} of the
operators SS,Ax (S
S,A
x |sS,Ai 〉 = sS,Ai |sS,Ai 〉 with eigenvalues sS,Ai = ±1) are found to be
(see appendix Appendix A for details)
〈si|ρd(t)|sj〉=exp
{−[fS(t)(sSi −sSj )2+fA(t)(sAi −sAj )2]
+i
[
ϕS(t)((sSi )
2−(sSj )2)+ϕA(t)(sAi )2−(sAj )2)
]}
× 〈si|ρd(0)|sj〉, (26)
with the time dependent coefficients fS,A(t) and ϕS,A(t) given by
fS,A(t) =
∑
i
(
γ˜S,Ai
)2
(2n˜S,Ai − 1)
2
(
ω˜S,Ai
)3 (1− cos(ω˜S,Ai t)) , (27)
ϕS,A(t) =
∑
i
(
γ˜S,Ai
)2
2
(
ω˜S,Ai
)2
t− sin
(
ω˜S,Ai t
)
ω˜S,Ai
 . (28)
Here, n˜S,Ai is the thermal occupation of the mode i of the symmetric (antisymmetric)
chain given by n˜S,Ai = (e
ω˜S,Ai /T −1)−1. Note that every element appearing in the sum
of Eq.(27) is non-negative. The matrix elements of ρd(t) have thus an oscillatory term,
dependent on ϕS,A, and an exponential time-dependent attenuation set by fS,A. In
particular, we remark that the diagonal elements of the defect states do not evolve
in time. The spin chain therefore constitutes a purely dephasing environment in the
{|sS,Ai 〉} basis.
3.2. Entanglement dynamics
Entanglement is hereafter quantified by the Concurrence [45, 8], which for two qubits
takes the form
C(ρ(t)) = max{0, λ1 − λ2 − λ3 − λ4} .
Here, λ1, . . . , λ4 are the square root of the eigenvalues in decreasing order of the
(generally) non-hermitian matrix R = ρρ˜ with ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy), where the
complex conjugate is taken in the standard basis. In the rest of this section we consider
two perfect degenerated defect spins, i.e., h = 0, which allows us to determine the
dynamics for long times.
3.2.1. Spins coupled to the same site We first analyse the case where both spin
defects couple to the same chain site l. This situation was first considered in Ref.[41].
In this case the interaction Hamiltonian simplifies to
H˜i = Sx(γ˜
Sx˜S + γ˜Ax˜A) . (29)
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Figure 1. Concurrence dynamics for defect spins coupled at the same point and
with initial state |ϕA〉 ⊗ |ϕB〉 = | ↑A〉 ⊗ | ↑B〉. Parameters are (a) l = 10, J = 0.2
T = 0.00001 and γ = 0.04 (red), γ = 0.02 (green), γ = 0.01 (blue) and (b) l = 10,
γ = 0.04 T = 0.00001 and J = 0.16 (red), J = 0.08 (green), J = 0.04 (blue).
Note that the antisymmetric states |ψA〉 and |φA〉 do not appear here. Coupling the
spins at the same point of the chain thus creates a 2-dimensional decoherence-free
subspace [36], protected from the non-unitary dynamics set by the bath.
Figure 1 shows the concurrence C(t) calculated for the initial defects’ state
| ↑A〉 ⊗ | ↑B〉, namely, when both spin are parallel and aligned along x. The dynamics
of the concurrence C is calculated for different values of γ at constant J (a), and for
different values of J at given γ (b). We observe that entanglement oscillates with a
period depending on the chain parameters and reaches a maximum value close to 1.
The observed dynamics is clearly independent of the coupling position .
We have further verified that the amplitude and period of the observed oscillations
depend on the initial state of the defects. Fig.2 displays the maximal value attained
by the concurrence as a function of the initial state |ϕA〉 ⊗ |ϕB〉, with |ϕ〉i =
cosαi| ↑〉i + sinαi| ↓〉i, and i = A,B. Entanglement is found for any initial state,
except when at least one of the spins is prepared in an eigenstate of σx. We understand
the oscillations as precessions of the defects spin due to the magnetic field of the chain
spin to which they couple. This explains the dependence of the angle αi observed in
Fig. 2.
Figure 2. Maximal concurrence, maxt C(t), as a function of the initial state
of the defect spins, ρA,B = |ϕA〉〈ϕB |, with |ϕ〉i = cosαi| ↑〉i + sinαi| ↓〉i. The
parameters are J = 0.2, γ = 0.04 and T = 0.00001, the spin defects are coupled
at the same chain site.
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Figure 3. Time evolution of the concurrence for J = 0.2, γ = 0.04, T = 0.00001
and distances l = 1 (red), l = 2 (green), l = 3 (blue), l = 4 (pink), l = 5 (light
blue) and l = 6 (orange). (b) Zoom of plot (a) showing the dynamics of C(t).
The initial state is |ϕA〉 ⊗ |ϕB〉 = | ↑A〉 ⊗ | ↑B〉.
3.2.2. Entanglement between distant spins The decoherence-free subspace we
identified in the previous subsection is a direct consequence of the symmetry of the
Hamiltonian: when the defects spins couple to the same site, the triplet components
of the defect spin couples to the chain, while the singlet (which is the antisymmetric
component according to our formalism) is decoupled. The singlet state is a decoherence
free subspace when h = 0, namely, when the Zeeman Hamiltonian H˜d vanishes. We
consider now the case where the defects spins are prepared in a separable state and
couple to two distant sites. Specifically, spin-A is coupled to the l-th chain spin and
spin-B to the −l-th chain spin. Figure 3 shows the dynamics of their concurrence
for varying inter-particle distances 2l − 1, J = 0.2 and γ = 0.04. Also in this case
entanglement undergoes oscillations in time and the oscillation period decreases with
increasing γ. However, one may notice two main differences: (i) the oscillation period
increases with the defects distance and (ii) entanglement creation is not instantaneous,
but rather takes a finite time t0 to set in, as can be seen from Fig. 3(b). From the data
of Fig. 3(a) we found that the onset time t0 grows exponentially with the distance.
Moreover, entanglement oscillates with frequencies that decrease exponentially with
distance.
The exponential growth of t0 with the distance separating the two defects cannot
be explained by the time taken for information to travel through the chain, from
one defect to the other: this would rather lead to a linear growth. This behaviour,
instead, indicates that by changing the defects’ positions the bath modes that mediates
the interaction also changes. Moreover, in Fig. 3(b) the concurrence exhibits fast
oscillations about the mean value. This indicates that the interaction is mediated my
multiple modes, however, a single mode dominates and determines the periodicity of
the concurrence.
3.3. Entanglement and spectral density
The entanglement dynamics discussed in the last section is a feature of the degeneracy
of the triplet states of the two defect spins system |1, 1〉 and |1,−1〉, when the free
defect spins are degenerate in absence of the chain (h = 0). One consequence of
this assumption is the appearance of a decoherence-free subspace which promotes
immediate entanglement generation and is protected by the environment due to
symmetry. We will now consider the general case where h 6= 0. In this case the
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Figure 4. Spectral density associated to the relative coordinates bath for several
values of the distance. The parameters are γ = 0.04, T = 0.0001, J = 0.2. The
values of l are l = 1 (a), l = 2 (b), l = 3 (c), and l = 4 (d).
decoherence-free subspace of h = 0 disappears, since the magnetic field couples the
the symmetric and antisymmetric Hilbert subspaces of the defects. Nevertheless, the
dynamics offer other hidden symmetries which emerge from the reflection symmetry
about l = 0. In this case, in fact, for certain values of h the spin defects can be seen as
forming two effective hard boundaries, supporting local modes of the chain involving
the defects and the chain spins separating them. This condition has been identified
and applied in Refs.[37, 38, 39, 40] for mass defects coupled to a chain of oscillators.
There, it was shown that this dynamics can generate entanglement between the mass
defects, even when these are coupled to distant sites of the chain. We now apply
these concepts to the spin defects. In order to identify the values to which h shall
be tuned, we follow the prescription of Ref. [40]. For this purpose we analyze the
spectral-density functions [46] of the symmetric and antisymmetric chains, which are
defined as:
IS,A(ω˜) = pi
2
∑
n
(γ˜S,An )
2
ω˜S,An
δ
(
ω˜ − ω˜S,An
)
. (30)
Figure 4 shows example spectral densities for different defects separations 2l − 1 and
large N . The existence of zeros in IS,A indicate the presence of the aforementioned
decoherence-free subspaces. The nodes are obtained taking the continuum limit of Eq.
30, which deliver the frequencies
ω˜A0 (p) =
√
1− 4J cos
(
2ppi
2l − 1
)
, (31)
with p = 0, · · · , l − 1 and l − 1 non-trivial zeroes for a given distance l. The zeroes of
the spectral densities occur for ω˜ ∈ [√1− 4J,√1 + 4J ].
Following Refs.[37, 38, 39, 40], we tune the defect spins transition frequency h
to match one of the zeroes of IS,A(ω˜). If, e.g., h is engineered to match a given
ω˜A0 (p), the defects’ non-local states |φA〉 and |ψA〉 will effectively decouple from
the corresponding antisymmetric bath and form the decoherence-free subspace. The
bosonization procedure of sec.2.1 imposes small intra-chain coupling strenght J  1.
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Figure 5. Derivative of the concurrence at t = 0 as a function of the distance
d = 2l − 1. On the left plot, we set J = 0.1, and γ = 0.08 (red circles), 0.07
(green squares) and 0.06 (blue diamonds). On the right plot, we set γ = 0.08 and
J = 0.08 (red circles), 0.1 (green squares) and 0.2 (blue diamonds). The initial
state is |ϕA〉 ⊗ |ϕB〉 = | ↑A〉 ⊗ | ↑B〉.
Tuning the defect’s transition frequencies to a zero of the spectral densities therefore
requires h ≈ 1, rendering the results of the previous section invalid. Nevertheless
for short time scales compared to h−1 these can still be used to determine the time
derivative of the concurrence, ∂tCt, at t = 0. This slope gives us information on the
speed with which entanglement is initially generated between the spin defects.
Figure 5 shows ∂Ct as a function of the distance for different chain settings.
Entanglement is created instantly even for finite distances. Even though the values
may seem very small, this behaviour is yet very different from the one observed in Fig.
3, where the concurrence (and thus its derivative) is zero for a finite interval of time
after t = 0. For set of parameters tested the derivative seems weakly sensitive to the
distance for l ≥ 2. As before, increasing the couplings γ or J increases the derivative,
speeding up entanglement creation.
4. Conclusion
We have investigated the dynamics of entanglement generation between two distant
spin-1/2 particles coupled to a common spin reservoir. Within the low-temperature
and weak coupling approximation, we have shown that entanglement can be generated
for spins coupled locally to distant elements of the environment. As this distance
increases, the time taken for onset of entanglement generation increases exponentially.
This takes place as the bath modes mediating the interaction vary with the
distance. For degenerate spins, we have shown that the generated entanglement
varies periodically and that the period also depends on the distance. We have further
explored the initial dynamics of entanglement when the parameters are tuned so to
generate decoherence free subspaces involving the excitation of the defects spins,
following the protocol identified in Refs.[37, 38, 39, 40]. The predictions we could
extract are restricted to the initial time and show that entanglement is instantaneously
generated by the coupling with the chain. These results hence indicate that bath
mediated entanglement generation can be achieved also for spins coupled to distant
spins in the bulk of the chain. The behaviour for long times could be extracted by
means of numerical programs, thus giving information about to the steady state of
the system.
In this work we restricted to the regime in which the Ising chain is deep in
the ordered phase. It is further interesting to analyse how these dynamics are
Dynamics of entanglement creation between two spins coupled to a chain 12
modified when the chain is close to criticality [47, 48, 49], and thus to investigate the
interplay between decoherence-free subspaces, emerging from the microscopic details,
and critical behaviour. Localization due to disorder in the chain [50] is a further
resource for promoting entanglement creation and will be object of future work.
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Appendix A. Time evolution of the reduced density matrix
Under the assumption of vanishing defects free Hamiltonian, the full dynamics is
described by
H˜ =
1
2
(p˜S)2 +
1
2
(x˜S)TDSx˜S + SSx (γ˜
S)T x˜S
+
1
2
(p˜A)2 +
1
2
(x˜A)TDAx˜A + SAx (γ˜
A)T x˜A
= H˜Sb + H˜
S
i + H˜
A
b + H˜
A
i . (A.1)
In the interaction picture with respect to the bath Hamiltonian we find
H˜(I) = eiH˜
S
b tH˜Si e
−iH˜Sb t + eiH˜
A
b tH˜Ai e
−iH˜Ab t. (A.2)
Using Baker-Campbell-Hausdorff expansion one easily finds
H˜(I) =
∑
i
(
γSi cos(ω˜
S
i t)S
S
x x˜
S
i +
γSi
ω˜Si
SSx p˜
S
i
+ γAi cos(ω˜
A
i t)S
A
x x˜
A
i +
γAi
ω˜Ai
SAx p˜
A
i
)
. (A.3)
Neglecting the free defects Hamiltonian permits us to write the full time evolution
operator as U˜(t) = U˜S(t)U˜A(t). Operators U˜ (S,A)(t) can now be obtained with the
Ansatz
U˜S,A(t) = exp
(
i
∑
i
δS,Ai (t)
)
× exp
(
i
∑
i
(
φS,Ai (t)p˜
S,A
i + (φ
S,A
i )
′(t)x˜S,Ai
))
. (A.4)
Deriving U˜(t) with respect to time
˙˜
U = i
∑
i
(
δ˙Si + φ˙
S
i p˜
S
i −
1
2
d
dt
(
φSi (φ
S
i )
′))U˜SU˜A
+ i
∑
i
(
φ˙Si x˜
S
i + (φ˙
S
i )
′φSi
)
U˜SU˜A
Dynamics of entanglement creation between two spins coupled to a chain 13
+ i
∑
i
(
δ˙Ai + φ˙
A
i p˜
A
i −
1
2
d
dt
(
φAi (φ
A
i )
′))U˜SU˜A
+ i
∑
i
(
φ˙Ai x˜
A
i + (φ˙
A
i )
′φAi
)
U˜SU˜A, (A.5)
where the dot represents time derivative and the explicit time dependence has been
omitted. Schro¨dinger’s equation for the evolution operator
˙˜
U(t) = −iH˜(I)(t)U˜(t) can
be now used to find φ
A(B)
i and φ
′A(B)
i . Using the initial condition U˜(0) = 1, we find
φS,Ai (t) = −
γS,Ai S
S,A
x
ω˜S,Ai
sin
(
ω˜S,Ai t
)
(φS,Ai )
′(t) = − γ
S,A
i S
S,A
x
ω˜S,Ai
(
cos
(
ω˜S,Ai t
)
− 1
)
δS,Ai (t) =
(γS,Ai )
2(SS,Ax )
2
ω˜S,Ai
(
t−
sin
(
ω˜S,Ai t
)
ω˜S,Ai
)
. (A.6)
The evolution operator is seen to be a displacement operator
U˜(t) = ei
∑
i
(
δSi (t)+δ
A
i (t)
)
ei(Q
S x˜S−RSp˜S)ei(Q
Ax˜A−RAp˜A), (A.7)
with
QS,A = −
∑
i
γS,Ai
ω˜S,Ai
sin
(
ω˜S,Ai t
)
SS,Ax e
S,A
i ,
RS,A = −
∑
i
γS,Ai(
ω˜
S,A
i
)2 (cos(ω˜S,Ai t)− 1)SS,Ax eS,Ai (A.8)
and ej are unit vectors on the j-th direction.
The evolved reduced density matrix of the defects can now be obtained by
assuming a thermal environment and integrating over the bath degrees of freedom.
After a lengthy but straight forward calculation, the matrix elements in the eingenbasis
{|si〉} of the SS,Ax operator are given by
〈si|ρd(t)|sj〉=exp
{−[fS(t)(sSi −sSj )2+fA(t)(sAi −sAj )2]
+i
[
ϕS(t)((sSi )
2−(sSj )2)+ϕA(t)((sAi )2− (sAj )2)
]}
× 〈si|ρd(0)|sj〉, (A.9)
where the coefficients fS,A(t) and ϕS,A(t) are given by
fS,A(t) =
∑
i
(
γ˜S,Ai
)2
(2n˜S,Ai − 1)
2
(
ω˜
(S,A)
i
)3 (1− cos(ω˜S,Ai t)) , (A.10)
ϕS,A(t) =
∑
i
(
γ˜S,Ai
)2
2
(
ω˜
(S,A)
i
)2
t− sin
(
ω˜S,Ai t
)
ω˜S,Ai
 . (A.11)
and n˜Si (n˜
A
i ) is the thermal occupation number of mode i of the symmetric
(antisymmetric) bath defined by n˜S,Ai = (e
ω˜S,Ai /T − 1)−1.
Dynamics of entanglement creation between two spins coupled to a chain 14
References
[1] Adeline Orieux and Eleni Diamanti. Recent advances on integrated quantum communications.
Journal of Optics, 18(8):083002, jul 2016.
[2] Juan Yin, Yuan Cao, Yu-Huai Li, Sheng-Kai Liao, Liang Zhang, Ji-Gang Ren, Wen-Qi Cai, Wei-
Yue Liu, Bo Li, Hui Dai, Guang-Bing Li, Qi-Ming Lu, Yun-Hong Gong, Yu Xu, Shuang-Lin
Li, Feng-Zhi Li, Ya-Yun Yin, Zi-Qing Jiang, Ming Li, Jian-Jun Jia, Ge Ren, Dong He, Yi-Lin
Zhou, Xiao-Xiang Zhang, Na Wang, Xiang Chang, Zhen-Cai Zhu, Nai-Le Liu, Yu-Ao Chen,
Chao-Yang Lu, Rong Shu, Cheng-Zhi Peng, Jian-Yu Wang, and Jian-Wei Pan. Satellite-based
entanglement distribution over 1200 kilometers. Science, 356(6343):1140–1144, jun 2017.
[3] Ji-Gang Ren, Ping Xu, Hai-Lin Yong, Liang Zhang, Sheng-Kai Liao, Juan Yin, Wei-Yue Liu,
Wen-Qi Cai, Meng Yang, Li Li, Kui-Xing Yang, Xuan Han, Yong-Qiang Yao, Ji Li, Hai-Yan
Wu, Song Wan, Lei Liu, Ding-Quan Liu, Yao-Wu Kuang, Zhi-Ping He, Peng Shang, Cheng
Guo, Ru-Hua Zheng, Kai Tian, Zhen-Cai Zhu, Nai-Le Liu, Chao-Yang Lu, Rong Shu, Yu-
Ao Chen, Cheng-Zhi Peng, Jian-Yu Wang, and Jian-Wei Pan. Ground-to-satellite quantum
teleportation. Nature, 549(7670):70–73, aug 2017.
[4] Maika Takita, Andrew W. Cross, A. D. Co´rcoles, Jerry M. Chow, and Jay M. Gambetta.
Experimental demonstration of fault-tolerant state preparation with superconducting qubits.
Physical Review Letters, 119(18), oct 2017.
[5] C. Neill, P. Roushan, K. Kechedzhi, S. Boixo, S. V. Isakov, V. Smelyanskiy, A. Megrant,
B. Chiaro, A. Dunsworth, K. Arya, R. Barends, B. Burkett, Y. Chen, Z. Chen, A. Fowler,
B. Foxen, M. Giustina, R. Graff, E. Jeffrey, T. Huang, J. Kelly, P. Klimov, E. Lucero, J. Mutus,
M. Neeley, C. Quintana, D. Sank, A. Vainsencher, J. Wenner, T. C. White, H. Neven, and
J. M. Martinis. A blueprint for demonstrating quantum supremacy with superconducting
qubits. Science, 360(6385):195–199, apr 2018.
[6] Vittorio Giovannetti, Seth Lloyd, and Lorenzo Maccone. Advances in quantum metrology.
Nature Photonics, 5(4):222–229, apr 2011.
[7] A. Einstein, B. Podolsky, N. Rosen, and N. Bohr. Can quantum-mechanical description of
physical reality be considered complete? Physical Review, 47:696, 1935.
[8] Ryszard Horodecki, Micha Horodecki, and Karol Horodecki. Quantum entanglement. Reviews
of Modern Physics, 81(2):865–942, June 2009.
[9] C Feiler and W P Schleich. Entanglement and analytical continuation: an intimate relation told
by the riemann zeta function. New Journal of Physics, 15(6):063009, jun 2013.
[10] Wojciech Hubert Zurek. Decoherence, einselection, and the quantum origins of the classical.
Reviews of Modern Physics, 75(3):715–775, May 2003.
[11] Wolfgang P. Schleich. Quantum physics: Engineering decoherence. Nature, 403(6767):256–257,
jan 2000.
[12] Fabio Benatti, Roberto Floreanini, and Marco Piani. Environment Induced Entanglement in
Markovian Dissipative Dynamics. Phys. Rev. Lett., 91(7):70402, 2003.
[13] Andre´ R. R. Carvalho, Marc Busse, Olivier Brodier, Carlos Viviescas, and Andreas
Buchleitner. Optimal Dynamical Characterization of Entanglement. Physical Review Letters,
98(19):190501, May 2007.
[14] F. Mintert, A. Carvalho, M. Kus, and A. Buchleitner. Measures and dynamics of entangled
states. Physics Reports, 415(4):207–259, August 2005.
[15] T. Yu and J. Eberly. Phonon decoherence of quantum entanglement: Robust and fragile states.
Physical Review B, 66(19):193306, November 2002.
[16] Lucia Hackermu¨ller, Klaus Hornberger, Bjo¨rn Brezger, Anton Zeilinger, and Markus Arndt.
Decoherence of matter waves by thermal emission of radiation. Nature, 427(6976):711–4,
February 2004.
[17] Thomas Konrad, Fernando de Melo, Markus Tiersch, Christian Kasztelan, Adriano Araga˜o,
and Andreas Buchleitner. Evolution equation for quantum entanglement. Nature Physics,
4(4):99–102, December 2007.
[18] Markus Tiersch, Fernando de Melo, and Andreas Buchleitner. Universality in open system
entanglement dynamics. Journal of Physics A: Mathematical and Theoretical, 46(8):085301,
March 2013.
[19] John Preskill. Fault Tolerant Quantum Computation. In Hoi-Kwong Lo, Tim Spiller, and
Sandu Popescu, editors, Introduction to Quantum Computation and Information, chapter 8,
pages 213–269. World Scientific Publishing Co. Pte. Ltd., 1998.
[20] P. Facchi, Daniel A. Lidar, and S. Pascazio. Unification of dynamical decoupling and the
quantum Zeno effect. Physical Review A, 69(3):032314, March 2004.
[21] Sabrina Maniscalco, Francesco Francica, Rosa L. Zaffino, Nicola Lo Gullo, and Francesco
Dynamics of entanglement creation between two spins coupled to a chain 15
Plastina. Protecting Entanglement via the Quantum Zeno Effect. Physical Review Letters,
100(9):090503, March 2008.
[22] Yong-Su Kim, Jong-Chan Lee, Osung Kwon, and Yoon-Ho Kim. Protecting entanglement from
decoherence usingweak measurement and quantum measurementreversal. Nature Physics,
8(2):117–120, December 2011.
[23] Susanne Pielawa, Giovanna Morigi, David Vitali, and Luiz Davidovich. Generation of einstein-
podolsky-rosen-entangled radiation through an atomic reservoir. Physical Review Letters,
98(24), jun 2007.
[24] S Diehl, A Micheli, A Kantian, B Kraus, H.˜P. Bu¨chler, and P Zoller. Quantum states and phases
in driven open quantum systems with cold atoms. Nature Physics, 4:878–883, November 2008.
[25] F Verstraete, M.˜M. Wolf, and J Ignacio Cirac. Quantum computation and quantum-state
engineering driven by dissipation. Nature Physics, 5:633–636, September 2009.
[26] Susanne Pielawa, Luiz Davidovich, David Vitali, and Giovanna Morigi. Engineering atomic
quantum reservoirs for photons. Physical Review A, 81(4):043802, April 2010.
[27] Hanna Krauter, Christine A. Muschik, Kasper Jensen, Wojciech Wasilewski, Jonas M. Petersen,
J. Ignacio Cirac, and Eugene S. Polzik. Entanglement Generated by Dissipation and Steady
State Entanglement of Two Macroscopic Objects. Physical Review Letters, 107(8):080503,
August 2011.
[28] Christine A Muschik, Eugene S Polzik, and J Ignacio Cirac. Dissipatively driven entanglement
of two macroscopic atomic ensembles. Phys. Rev. A, 83(5):52312, 2011.
[29] Julio T. Barreiro, Markus Mu¨ller, Philipp Schindler, Daniel Nigg, Thomas Monz, Michael
Chwalla, Markus Hennrich, Christian F Roos, Peter Zoller, and Rainer Blatt. An open-
system quantum simulator with trapped ions. Nature, 470(7335):486–91, February 2011.
[30] Fernando Pastawski, Lucas Clemente, and Juan Ignacio Cirac. Quantum memories based on
engineered dissipation. Physical Review A, 83(1):012304, January 2011.
[31] Karl Gerd H Vollbrecht, Christine A Muschik, and J. Ignacio Cirac. Entanglement Distillation
by Dissipation and Continuous Quantum Repeaters. Physical Review Letters, 107(12):120502,
September 2011.
[32] G. Goldstein, P. Cappellaro, J. R. Maze, J. S. Hodges, L. Jiang, A. S. Sø rensen, and M. D. Lukin.
Environment-Assisted Precision Measurement. Physical Review Letters, 106(14):140502,
April 2011.
[33] L. Campos Venuti, C Degli˜Esposti˜Boschi, and M Roncaglia. Long-Distance Entanglement in
Spin Systems. Phys. Rev. Lett., 96(24):247206, June 2006.
[34] L. Campos Venuti, C Degli Esposti Boschi, and M Roncaglia. Qubit Teleportation and Transfer
across Antiferromagnetic Spin Chains. Phys. Rev. Lett., 99(6):60401, August 2007.
[35] S. M Giampaolo and F Illuminati. Long-distance entanglement in many-body atomic and optical
systems. New Journal of Physics, 12(2):025019, February 2010.
[36] Daniel A. Lidar and K. Birgitta Whaley. Decoherence-Free Subspaces and Subsystems. In
Fabio Benatti and Roberto Floreanini, editors, Irreversible Quantum Dynamics, pages 83–
120. Springer Berlin Heidelberg, Berlin, Heidelberg, vol. 622 edition, 2003.
[37] A Wolf, G De Chiara, E Kajari, E Lutz, and Giovanna Morigi. Entangling two distant oscillators
with a quantum reservoir. EPL (Europhysics Letters), 95(6):60008, 2011.
[38] Endre Kajari, Alexander Wolf, Eric Lutz, and Giovanna Morigi. Statistical mechanics of
entanglement mediated by a thermal reservoir. Physical Review A, 85(4):42318, April 2012.
[39] T. Fogarty, E. Kajari, B. G. Taketani, A. Wolf, Th. Busch, and Giovanna Morigi. Entangling
two defects via a surrounding crystal. Phys. Rev. A, 87(5):050304, 2013.
[40] B. G. Taketani, T. Fogarty, E. Kajari, Th. Busch, and Giovanna Morigi. Quantum reservoirs
with ion chains. Physical Review A, 90(1):012312, jul 2014.
[41] Daniel Braun. Creation of Entanglement by Interaction with a Common Heat Bath. Physical
Review Letters, 89(27):277901, December 2002.
[42] L. Campos Venuti, S. M Giampaolo, F. Illuminati, and P. Zanardi. Long-distance entanglement
and quantum teleportation in XX spin chains. Physical Review A, 76(5):52328, November
2007.
[43] T Stauber, F Guinea, and F.Guinea. Entanglement of spin chains with general boundaries and
of dissipative systems. Annalen der Physik, 18(7):561–584, July 2009.
[44] T. Holstein and H. Primakoff. Field dependence of the intrinsic domain magnetization of a
ferromagnet. Physical Review, 58(12):1098–1113, dec 1940.
[45] William K. Wootters. Entanglement of Formation of an Arbitrary State of Two Qubits. Physical
Review Letters, 80(10):2245–2248, March 1998.
[46] Ulrich Weiss. Quantum Dissipative Systems. World Scientific, Singapure, 2nd edition, 1999.
[47] A. Osterloh, L. Amico, G. Falci, and R. Fazio. Scaling of entanglement close to a quantum
Dynamics of entanglement creation between two spins coupled to a chain 16
phase transitions. Nature, 416:608, 2002.
[48] Fernando Mart´ın Cucchietti, Sonia Fernandez-Vidal, and Juan Pablo Paz. Universal decoherence
induced by an environmental quantum phase transition. Physical Review A, 75(3):032337,
mar 2007.
[49] J. D. Baltrusch, C. Cormick, and G. Morigi. Quantum quenches of ion coulomb crystals across
structural instabilities. Physical Review A, 86:032104, 2012.
[50] P. Trm, I. Jex, and W. P. Schleich. Localization and diffusion in ising-type quantum networks.
Physical Review A, 65(5), apr 2002.
